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Quantum Machine Learning models typically require expensive on-chip training procedures and
often lack efficient gradient estimation methods. By employing Pauli propagation, it is possible
to derive a symbolic representation of observables as analytic functions of a circuit’s parameters.
Although the number of terms in such functional representations grows rapidly with circuit depth,
suitable choices of ansatz and controlled truncations on Pauli weights and frequency components
yield accurate yet tractable estimators of the target observables. With the right ansatz design, this
approach can be extended to system sizes beyond the reach of classical simulation, enabling scalable
training for larger quantum systems. This also enables a form of classical pre-training through
gradient-based optimization prior to deployment on quantum hardware. The proposed approach
is demonstrated on the Variational Quantum Eigensolver for obtaining the ground state of a spin
model, showing that accurate results can be achieved with a scalable and computationally efficient
procedure.

I. INTRODUCTION

Parametrized quantum circuits (PQCs) have attracted
considerable attention in recent years due to their poten-
tial applications in Quantum Machine Learning (QML)
and the growing availability of hardware capable of exe-
cuting quantum algorithms for tasks of practical interest.

Despite the progress in hardware, a major challenge
for QML remains the training time of these models.
Evaluating and optimizing PQCs on quantum hardware
is resource-intensive, with the added consideration that
quantum devices are currently limited and experimental.

Obtaining gradients for PQC further exacerbates
the problem. Computing analytical gradients via the
parameter-shift [1] rule requires a number of circuit eval-
uations that scales with the number of parameters. For
realistic tasks, such as generating a single MNIST im-
age [2], the estimated time to perform a single training
step can reach prohibitive times [3], making straightfor-
ward scaling unfeasible. Gradient-free optimizers, such
as SPSA [4], COBYLA [5], and their variants, require a
constant number of circuit evaluations per step and of-
fer a partial workaround. However, these methods are
often unstable in practice and do not fully alleviate the
dependence on costly quantum hardware for training.

To mitigate these challenges, recent efforts have fo-
cused on designing gradient-efficient ansätze and formal-
izing tasks as through the evaluation of expectation val-
ues. In these approaches, the estimation of observables
and their gradients can be classically simulable [6] or
efficiently computed using a limited number of circuit
evaluations [7], while the output remains classically hard
to simulate. Examples include the Variational Quan-
tum Eigensolver (VQE), which minimizes the expecta-
tion value of a Hamiltonian, and generative tasks whose
goal can be formalized as matching the expectation val-
ues of randomly sampled Pauli strings in the Z basis to
the corresponding values from the training set [8].

In this work, we propose a method to represent an ob-
servable as an explicit function of the circuit parameters
in symbolic form, independent of any particular param-
eter assignment.

This approximate representation can be used to pre-
train PQCs for the tasks described above, and subse-
quently fine-tuned via on-chip training or alternative op-
timization techniques.

In general, computing the exact functional representa-
tion of an observable is computationally challenging, as
the number of terms grows (in the worst case scenario)
exponentially with the number of parameters. To address
this, we introduce two truncation schemes: a cutoff on
the Pauli weight, which is particularly effective for locally
scrambling ansätze [6], and a cutoff on the frequency, de-
fined as the number of sine and cosine terms multiplied
together in each product. These cutoffs enable an effi-
cient approximation of the observable while keeping the
computational complexity under control.

The paper is organized as follows. In Section II, we in-
troduce the framework for the propagation of observables
in quantum circuits. We begin in Section II A by describ-
ing the mechanism of exact propagation of observables in
the Heisenberg picture.

Section II B examines the explicit representation of cir-
cuits and investigates how they might help in better un-
derstand the barren-plateau problem and in building bet-
ter circuits.

Sections II C, II D, and II E provide the justification for
the truncation schemes, which enable efficient propaga-
tion of observables at qubit numbers beyond classically
simulable regimes.

Our results are presented in Section III, where we ap-
ply the method within the framework of the VQE in Sec-
tion III A, using the Axial Next-Nearest Neighbor Ising
(ANNNI) model [9] as a test case. We justify the use
of locally scrambling circuits for local spin models and
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Introduction Motivation

Problem: training large parametrized quantum circuits is tricky
• Access to hardware: quantum devices are a scarce, costly and queued resource
• Gradient-free optimizers (SPSA [1], COBYLA [2]) reduce the number of circuitevaluations, but offer weak convergence guarantees and require hardware access
• Parameter-shift rule [3] gives exact gradients, but scales poorly: 2 ×Nparam ×Nshotscircuit evaluations
Example: time to evaluate the gradient of the MMD loss for a single training step onMNIST (Nparam = 10 000, precision ϵ = 10−3, training setNimages = 60,000) [4]:

2 ×Nparam × ϵ−2 ×Nimages = 1.2 × 1015 shots

⇒ ≈ 38 years (at 106 shots/s)
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Introduction Motivation

Claim: Expectation values of a quantum circuit can be estimated classically*
*up to some accuracy levels
**accuracy guarantees limited to a class of quantum circuits (locally-scrambling)

Accessing the wavefunction

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

· · ·
· · ·... ... ... ...
· · ·

measurements

Classically hard

Computing expectation value

|0⟩

U(θ⃗)
|0⟩...
|0⟩

⟨Z0⟩ = 0.23 . . .

Classically tractable*
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Introduction Use cases
Potential applications: algorithms whose output is a single wavefunction collapse(measurement), but the loss function can be formalized through expectation values:

Training on classical resources → Deployment on quantum resources(Pauli Propagation)

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

θ⃗i → θ⃗i+1

Loss function:
L(θ⃗) =

∑
i⟨Oi⟩

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

· · ·
· · ·... ... ... ...
· · ·

Output: 1 2 3

Applications:Variational Quantum Eigensolver [5], Compression (Autoencoder) [6],Generation [7, 8]
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Propagation of Observables

Evolving Observables through a
Parametrized Quantum Circuit



Propagation Schrödinger Picture
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Schrödinger Picture:
Propagate the Wavefunction through the circuit
according to the rule:

|ψ⟩′ = U |ψ⟩
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Example: ⟨Z(0)⟩ = ⟨ψ|Z I |ψ⟩ = 0
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Propagation Heisenberg Picture
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Z(0)
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|0⟩ H
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Z(0)I(1) = CNOT †Z(0)I(1)CNOT
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X(0)I(1) = H†Z(0)I(1)H
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|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0 → ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)
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Propagation Paper example
Step-by-step propagation:

|0⟩ RX(θ0) RX(θ4) RX(θ8)

|0⟩ RX(θ1) RX(θ5) RX(θ9)

|0⟩ RX(θ2) RX(θ6) RX(θ10)

|0⟩ RX(θ3) RX(θ7) RX(θ11)

Z0

Propagation tables:

Y ⊗ I −→ Y ⊗ X
Z ⊗ I −→ Z ⊗ I
I ⊗ X −→ I ⊗ X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z

X ⊗ X −→ X ⊗ I
Z ⊗ Z −→ I ⊗ Z

RX(θ)

I −→ I
X −→ X
Y −→ + cos θY

− sin θZ
Z −→ + cos θZ

+ sin θY
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I −→ I
X −→ X
Y −→ + cos θY

− sin θZ
Z −→ + cos θZ

+ sin θY

• Layer 5: At this stage, the observable Z0 is onlyaffected by the gate RX(θ8). This evolves as:
Z0 → cos θ8Z0 + sin θ8Y0
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• Layer 4: Both terms of the observable
commute with CNOT(1, 2), hence no
transformation occurs:

cos θ8Z0 + sin θ8Y0 → cos θ8Z0 + sin θ8Y0
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− sin θZ
Z −→ + cos θZ

+ sin θY

• Layer 3: Here only the gate RX(θ4) affects
the propagated observable:

cos θ8Z0 + sin θ8Y0 → + cos θ8 cos θ4Z0

+ cos θ8 sin θ4Y0

+ sin θ8 cos θ4Y0

− sin θ8 sin θ4Z0

Q saverio.monaco@desy.de 10 / 24

mailto:saverio.monaco@desy.de


Propagation Paper example
Step-by-step propagation:

|0⟩ RX(θ0) RX(θ4) RX(θ8)

|0⟩ RX(θ1) RX(θ5) RX(θ9)

|0⟩ RX(θ2) RX(θ6) RX(θ10)

|0⟩ RX(θ3) RX(θ7) RX(θ11)

Z0

Propagation tables:

Y ⊗ I −→ Y ⊗ X
Z ⊗ I −→ Z ⊗ I
I ⊗ X −→ I ⊗ X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z

X ⊗ X −→ X ⊗ I
Z ⊗ Z −→ I ⊗ Z

RX(θ)

I −→ I
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Y −→ + cos θY

− sin θZ
Z −→ + cos θZ

+ sin θY

• Layer 2: The CNOT(0, 1) gate acts on all
observables involving the first two qubits:

+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0

+ sin θ8 cos θ4Y0 − sin θ8 sin θ4Z0

↓
+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

+ sin θ8 cos θ4Y0X1 − sin θ8 sin θ4Z0
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• Layer 1: In this final layer, both RX(θ0) and
RX(θ1) act on the observable.

— Action of RX(θ1): Every term’s qubit-1 factoris either I1 or X1; both are invariant under
RX , so the word is unchanged:

+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

+ sin θ8 cos θ4Y0X1 − sin θ8 sin θ4Z0

↓
+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

+ sin θ8 cos θ4Y0X1 − sin θ8 sin θ4Z0
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• Layer 1: In this final layer, both RX(θ0) and
RX(θ1) act on the observable.

— Action of RX(θ0):
+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

+ sin θ8 cos θ4Y0X1 − sin θ8 sin θ4Z0

↓
+ cos θ8 cos θ4 cos θ0Z0

+ cos θ8 cos θ4 sin θ0Y0

+ cos θ8 sin θ4 cos θ0Y0X1

− cos θ8 sin θ4 sin θ0Z0X1

+ sin θ8 cos θ4 cos θ0Y0X1

− sin θ8 cos θ4 sin θ0Z0X1

− sin θ8 sin θ4 cos θ0Z0

− sin θ8 sin θ4 sin θ0Y0
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Step-by-step propagation:

|0⟩ RX(θ0) RX(θ4) RX(θ8)

|0⟩ RX(θ1) RX(θ5) RX(θ9)

|0⟩ RX(θ2) RX(θ6) RX(θ10)

|0⟩ RX(θ3) RX(θ7) RX(θ11)

Z0

Expectation value rules:

⟨0| I |0⟩ = 1 ⟨0| Y |0⟩ = 0

⟨0| X |0⟩ = 0 ⟨0| Z |0⟩ = 1

• Expectation value: Projecting onto |0⟩⊗4, only
words made of I and Z survive:

+ cos θ8 cos θ4 cos θ0Z0

+(((((((((
cos θ8 cos θ4 sin θ0Y0

+
((((((((((
cos θ8 sin θ4 cos θ0Y0X1

−
((((((((((
cos θ8 sin θ4 sin θ0Z0X1

+
((((((((((
sin θ8 cos θ4 cos θ0Y0X1

−
((((((((((
sin θ8 cos θ4 sin θ0Z0X1

− sin θ8 sin θ4 cos θ0Z0

−((((((((
sin θ8 sin θ4 sin θ0Y0
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Propagation Paper example
Step-by-step propagation:

|0⟩ RX(θ0) RX(θ4) RX(θ8)

|0⟩ RX(θ1) RX(θ5) RX(θ9)

|0⟩ RX(θ2) RX(θ6) RX(θ10)

|0⟩ RX(θ3) RX(θ7) RX(θ11)

Z0

Functional form:

⟨0|Z0|0⟩(θ⃗) = + cos θ8 cos θ4 cos θ0 − sin θ8 sin θ4 cos θ0
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Propagation example Small circuit

Three notable effects happen when propagating through a circuit:
# 1: Weight increase:
Any non-commutingmulti-qubit gate increases the weight:

|0⟩
|0⟩ Z(1)

Weight: Z(1)︸ ︷︷ ︸
1

Z(0)Z(1)

Weight: Z(0)Z(1)︸ ︷︷ ︸
2

I ⊗ I −→ I ⊗ I
I ⊗X −→ I ⊗X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z
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Propagation example Small circuit

Three notable effects happen when propagating through a circuit:
# 1: Weight increase:
Any non-commutingmulti-qubit gate increases the weight:

|0⟩
|0⟩

Z(1)

Weight: Z(1)︸ ︷︷ ︸
1

Z(0)Z(1)

Weight: Z(0)Z(1)︸ ︷︷ ︸
2

I ⊗ I −→ I ⊗ I
I ⊗X −→ I ⊗X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z
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Propagation example Small circuit

Two notable effects happen when propagating through a circuit:
# 2: Branching & # 3: Frequency increase:
Any non-commuting non-clifford gate splits the term into two and any non-commuting
parametrized gate increases the frequency:

|0⟩ RX(θ1)
|0⟩

Z(0)

Frequencies: Z(0)︸ ︷︷ ︸
0

cos(θ1)Z(0) + sin(θ1)Y (0)

Frequencies: cos(θ1)Z(0)︸ ︷︷ ︸
1

+ sin(θ1)Y (0)︸ ︷︷ ︸
1

RX(θ)

I −→ I
X −→ X
Y −→ + cos(θ)Y − sin(θ)Z
Z −→ + cos(θ)Z + sin(θ)Y
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Propagation example Small circuit

Two notable effects happen when propagating through a circuit:
# 2: Branching & # 3: Frequency increase:
Any non-commuting non-clifford gate splits the term into two and any non-commuting
parametrized gate increases the frequency:

|0⟩ RX(θ1)
|0⟩

Z(0)

Frequencies: Z(0)︸ ︷︷ ︸
0

cos(θ1)Z(0) + sin(θ1)Y (0)

Frequencies: cos(θ1)Z(0)︸ ︷︷ ︸
1

+ sin(θ1)Y (0)︸ ︷︷ ︸
1

RX(θ)

I −→ I
X −→ X
Y −→ + cos(θ)Y − sin(θ)Z
Z −→ + cos(θ)Z + sin(θ)Y
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Exact propagation Small circuit example

Scaling at increasing depth: branching causes the doubling of every word for each
non-commuting gate → easily intractable!

... ... ...

|0⟩ RY RX RY

|0⟩ RY RX RY

|0⟩ RY RX RY...
|0⟩ RY RX RY

|0⟩ RY RX RY Z15

Figure: Local entangler Ansatz at depth 1 (iterations ofthe unitaries in the dashed block)

Small circuit to perform exact
propagation of observable Z15.
Number of qubits: 16.
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Exact propagation Small circuit example
Distribution of final weights and frequencies
at different depths (1-3):
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0 2 4 6 8
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Pauli weight

100

101

102
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104
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106

D
ep

th
3

co
un

t

0 5 10 15 20 25 30

Frequency

All Effective (weight) Effective (frequency)

Example: sin θ8 sin θ1 cos θ0︸ ︷︷ ︸
Frequency (3)

X0Z1︸ ︷︷ ︸
Weight (2)

• Deeper circuits lead to more
branching, doubling the number of
Pauli words.

• Most Pauli words do not contribute to
the expectation value of the
observable and are discarded during
the trimming process (gray).

• Branching causes a large number of
Pauli words to be tracked, making
cutoffs necessary.
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Cutoffs Cutoff strategies

Example: sin θ8 sin θ1 cos θ0︸ ︷︷ ︸
Frequency (3)

X0Z1︸ ︷︷ ︸
Weight (2)

Cutoff strategy: fix a max weight wcut and a max frequency νcut; while propagatingthe observable, track the weight and frequency of every Pauli word and discard any
that exceed them.

• Weight truncation: for locally-scrambling ansätze, the contribution of a path to
the expectation value decays exponentially with its terminal weight (theoretical
guarantee [9]).

• Frequency truncation: each branching multiplies the coefficient by a sin θk or
cos θk factor, so a term’s contribution decays exponentially with its frequency
(assuming uniformly-distributed parameters [10]).
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0 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18 19

20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36 37 38 39

40 41 42 43 44 45 46 47 48 49

50 51 52 53 54 55 56 57 58 59

60 61 62 63 64 65 66 67 68 69

70 71 72 73 74 75 76 77 78 79

80 81 82 83 84 85 86 87 88 89

90 91 92 93 94 95 96 97 98 99

100 101 102 103 104 105 106 107 108 109

110 111 112 113 114 115 116 117 118 119

Applications

Example application of Symbolic
Propagation: Variational Quan-
tum Eigensolver, and MNIST
Digits Generation

� Code Showcase



Applications Placeholder
Outline in QML:

|0⟩

U(θ⃗)

⟨O⟩
|0⟩... ...
|0⟩

Propagate
⟨O⟩(θ) =

∑
x cx

∏
i∈Sx

fx,i(θi)

Train
L(θ) = g (⟨O⟩(θ))

ADAM: θ⃗t → θ⃗t+1

Deploy (ibm_berlin)

Step 1: Define the ansatz
and express the loss func-
tion as expectation values
of Pauli observables.

Step 2: Apply Pauli Propa-
gation to obtain an explicit
expression for the expecta-
tion value in terms of the
circuit parameters.

Step 3: Apply ADAM to
optimize the circuit param-
eters classically.

Step 4: Deploy the opti-
mized circuit on a quan-
tum device.

• Low cutoff values → fast propagation times, approximate training, warm start;
• High cutoff values → slow propagation times, accurate training.
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Applications Ansatz

0 1 2 3 4 5 6 7

10 11 12 13 14 15 16 17

20 21 22 23 24 25 26 27

30 31 32 33 34 35 36 37

40 41 42 43 44 45 46 47

50 51 52 53 54 55 56 57

60 61 62 63 64 65 66 67

70 71 72 73 74 75 76 77

Employed quantum hardware Employed ansatz

ibm_berlin Quantum Computer

... ... ... ... ... ...

|0⟩ RX RX RX RY

|0⟩ RX RX RX RY

|0⟩ RX RX RX RY...
|0⟩ RX RX RX RY

|0⟩ RX RX RX RY

Number of qubits: 64
Number of parameters:

256 (depth 1) | 384 (depth 2)
Two-qubit circuit depth (transpiled)

4 (depth 1) | 8 (depth 2)
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Application # 1 Variational Quantum Eigensolver
Spin Model: 2D Square lattice (8x8) with nearest neighbor interactions and
magnetic field
Goal: Get the ground state of a HamiltonianH .
Loss: E(θ) = ⟨ψ(θ)|H|ψ(θ)⟩

Number of qubits: 64
Hamiltonian:

H(J, h) = 1
N

(
− J

∑
⟨i,j⟩

Z(i)Z(j) − h
∑

i

X(i)
) h J

J
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Application # 1 Variational Quantum Eigensolver

Training run # 1:
• Depth: 1
• Cutoffs:

— wcut = None— νcut = None (Exact propagation)
DMRG ground state: E = −2.3618

Final energy Gap to DMRG
Propagated −2.3504 0.0114
ibm_berlin −2.1910 0.1708

0 200 400 600 800 1000
Iteration t

-2.4

-1.6

-0.8

0.0

En
er

gy Propagated Hamiltonian
ibm_berlin
DMRG
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Application # 1 Variational Quantum Eigensolver

Training run # 2:
• Depth: 2
• Cutoffs:

— wcut = 12— νcut = None
DMRG ground state: E = −2.3618

Final energy Gap to DMRG
Propagated −2.3765 0.0147
ibm_berlin −2.1165 0.2453

0 200 400 600 800 1000
Iteration t

-2.4

-1.6

-0.8

0.0

En
er

gy Propagated Hamiltonian
ibm_berlin
DMRG
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Application # 2 Generation
Goal: Training of a sampling-type generative model: the squared norm of the evolved
wavefunction, |ψ(θ)(x)|2, should be close to the target distribution of the training data,
pdata(x).

QC

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

|0⟩⊗N |ψ(θ⃗)⟩ = U(θ⃗)|0⟩⊗N

measurement

measurement

measurement

1 qubit ↔ 1 pixel correspondence, binary images: white ≡ spin-down, black ≡ spin-up.
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Application # 2 Generation

Training run:
• Depth: 1
• Cutoffs: wcut = 12, νcut = None

MMD on test set (mean ± std, 100 draws):
Model MMD
Trained ansatz (256 params) 0.00285 ± 0.00021IQP-1x (256 params) 0.02572 ± 0.00139IQP-10x (2560 params) 0.00431 ± 0.00038

Result:

Shallow Ansatz + Limited hard-
ware + Complex task:
evolving the state into a superposi-
tion of all possible images!
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Final words Summary & Outlook

Pauli Propagation: classically estimates expectation values of observables of a
parametrized quantum circuit.
What it enables: pre-training (warm-starting), or even full training, of QML models
whose loss is an expectation value, even when the quantity of interest itself (full state,
measurements, . . . ) is quantum-hard to obtain classically.
Limitations: deep ansätze lead to long propagation times; cutoffs trade exactness
for tractability.
Outlook: find families of ansätze and observables that are both useful and
efficient to propagate, e.g. by exploiting geometric structure [11].
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ENGAGE has received funding from the European Union’s Horizon 2020 Research and Innovation
Programme under the Marie Skłodowska-Curie Grant Agreement No. 101034267.

Main resources:
• Paper: "Classically estimating observables of noiseless quantum circuits"

https://arxiv.org/abs/2409.01706

• Paper: "The Heisenberg Representation of Quantum Computers"
https://arxiv.org/abs/quant-ph/9807006

• Pennylane Demo: "Pauli Propagation: Classically estimating expectation values
from parametrized quantum circuits"
https://pennylane.ai/demos/tutorial_classical_expval_estimation

https://arxiv.org/abs/2409.01706
https://arxiv.org/abs/quant-ph/9807006
https://pennylane.ai/demos/tutorial_classical_expval_estimation
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Cutoffs Landscape

Cutoffs produce an approximate expectation value of the observable, and training on
this approximation may still yield valuable results, though not fully optimal

L(⟨O′
cuthigh(θ)⟩) L(⟨O′

cutmed.
(θ)⟩) L(⟨O′

cutlow(θ)⟩)

Exact Approximate



Locally-scrambling circuits Backup slides
Definition: a circuit is locally-scrambling [9] if

• Rotations: the single-qubit rotation gates are not all aligned along one axis, but
random enough on each qubit that no direction (X , Y , Z) is systematically
preferred.

• Connectivity: the entangling gates are local, acting only between nearby qubits.
Example: Locally-scrambling circuit

|0⟩ RX RY ⟨Z(0)⟩

|0⟩ RX RY...
|0⟩ RX RY

|0⟩ RX RY

×3

1 2 3 4 5 6 7 8 9 10
Pauli weight
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Definition: a circuit is locally-scrambling [9] if

• Rotations: the single-qubit rotation gates are not all aligned along one axis, but
random enough on each qubit that no direction (X , Y , Z) is systematically
preferred.

• Connectivity: the entangling gates are local, acting only between nearby qubits.
Example: Non-scrambling circuit

|0⟩ RX ⟨Z(0)⟩

|0⟩ RX...
|0⟩ RX

|0⟩ RX

×3
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Pauli weight
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Locally-scrambling circuits Backup slides
Definition: a circuit is locally-scrambling [9] if

• Rotations: the single-qubit rotation gates are not all aligned along one axis, but
random enough on each qubit that no direction (X , Y , Z) is systematically
preferred.

• Connectivity: the entangling gates are local, acting only between nearby qubits.
Example: Non-local circuit

|0⟩ RX RY ⟨Z(0)⟩

|0⟩...
|0⟩

|0⟩
1 2 3 4 5 6 7 8 9 10

Pauli weight

0.0

0.5

1.0
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Distribution of weights



Propagation Effects of propagation

Non-Clifford Gates:

RX(θ) ≡

 cos
(

θ
2

)
−i sin

(
θ
2

)
−i sin

(
θ
2

)
cos
(

θ
2

)


RY (θ) ≡

+ cos( θ
2) − sin( θ

2)

− sin( θ
2) + cos( θ

2)



RZ(θ) ≡

e−iθ/2 0

0 e+iθ/2


Propagation causes branchings
and frequency increase.

Effects:
• Branching:

• RY (θ)†X(1)RY (θ)
= cos(θ)X(1) + sin(θ)Z(1).

Branching causes non-commuting words
to double.

• Frequency increase:
• RY (θ2)†(cos(θ1)X(1))RY (θ2)

= cos(θ2) cos(θ1)X(1)
+ sin(θ2) cos(θ1)Z(1).



Propagation Effects of propagation

Clifford Gates:

H ≡ 1√
2

(
+1 −1
−1 +1

)

≡


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


CliffordGates donot cause branch-
ings or frequency increase.

Effects:
• Weight increase:

• CX†I(1)Z(2)CX = Z(1)Z(2).
Multi-qubit gates can increase the weight
of the Pauli word.

• Simplest propagation:
• H†X(1)H = Z(1).

Does not increase the weight of the Pauli
word, and does not cause branching or
frequency increase.



Application # 1 Variational Quantum Eigensolver

Depth 1:

0 200 400 600 800 1000
Iteration t
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ibm_berlin
DMRG

Depth 2:
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Gap between expectation value of the propagated Hamiltonian and actual value on
ibm_berlin is likely due to residual hardware noise.
Query on ibm_berlin: evaluating ⟨H⟩ with 4096 shots at resilience level 2 (readout-error
mitigation plus zero-noise extrapolation).



DOIDOI 10.5281/zenodo.1798902310.5281/zenodo.17989023

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0)
    qml.RX(params[1], wires=1)

    qml.RY(params[2], wires=0)
    qml.RY(params[3], wires=1)

    qml.Hadamard(wires = 2)

    qml.Barrier()

    qml.CNOT(wires = [0, 1])
    qml.CNOT(wires = [1, 2])

    qml.Barrier()

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv

Code Showcase

Examples from the Github code

� Applications



Tutorial Importing

1: Import necessary libraries

DOIDOI 10.5281/zenodo.1798902310.5281/zenodo.17989023

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0)
    qml.RX(params[1], wires=1)

    qml.RY(params[2], wires=0)
    qml.RY(params[3], wires=1)

    qml.Hadamard(wires = 2)

    qml.Barrier()

    qml.CNOT(wires = [0, 1])
    qml.CNOT(wires = [1, 2])

    qml.Barrier()

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv



Tutorial Circuit definition
2: Define the circuit as a Pennylane function of the parameters, put the
observables to propagate as return values

DOI

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0); qml.RX(params[1], wires=1)
    qml.RY(params[2], wires=0); qml.RY(params[3], wires=1)
    qml.Hadamard(wires = 2)

    qml.CNOT(wires = [0, 1]); qml.CNOT(wires = [1, 2])

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop



Tutorial Propagator Class

3: Initialize Propagator class

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .



Tutorial Propagator Class

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .



Tutorial Propagate

4: PropagatePropagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .



Tutorial Propagate
Once propagated, we have access to the functional forms of the observables

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .

5: Which can be evaluated through

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .
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