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Quantum Machine Learning models typically require expensive on-chip training procedures and
often lack efficient gradient estimation methods. By employing Pauli propagation, it is possible
to derive a symbolic representation of observables as analytic functions of a circuit’s parameters.
Although the number of terms in such functional representations grows rapidly with circuit depth,
suitable choices of ansatz and controlled truncations on Pauli weights and frequency components
yield accurate yet tractable estimators of the target observables. With the right ansatz design, this
approach can be extended to system sizes beyond the reach of classical simulation, enabling scalable
training for larger quantum systems. This also enables a form of classical pre-training through
gradient-based optimization prior to deployment on quantum hardware. The proposed approach
is demonstrated on the Variational Quantum Eigensolver for obtaining the ground state of a spin
model, showing that accurate results can be achieved with a scalable and computationally efficient
procedure.

I. INTRODUCTION

Parametrized quantum circuits (PQCs) have attracted
considerable attention in recent years due to their poten-
tial applications in Quantum Machine Learning (QML)
and the growing availability of hardware capable of exe-
cuting quantum algorithms for tasks of practical interest.

Despite the progress in hardware, a major challenge
for QML remains the training time of these models.
Evaluating and optimizing PQCs on quantum hardware
is resource-intensive, with the added consideration that
quantum devices are currently limited and experimental.

Obtaining gradients for PQC further exacerbates
the problem. Computing analytical gradients via the
parameter-shift [1] rule requires a number of circuit eval-
uations that scales with the number of parameters. For
realistic tasks, such as generating a single MNIST im-
age [2], the estimated time to perform a single training
step can reach prohibitive times [3], making straightfor-
ward scaling unfeasible. Gradient-free optimizers, such
as SPSA [4], COBYLA [5], and their variants, require a
constant number of circuit evaluations per step and of-
fer a partial workaround. However, these methods are
often unstable in practice and do not fully alleviate the
dependence on costly quantum hardware for training.

To mitigate these challenges, recent efforts have fo-
cused on designing gradient-efficient ansätze and formal-
izing tasks as through the evaluation of expectation val-
ues. In these approaches, the estimation of observables
and their gradients can be classically simulable [6] or
efficiently computed using a limited number of circuit
evaluations [7], while the output remains classically hard
to simulate. Examples include the Variational Quan-
tum Eigensolver (VQE), which minimizes the expecta-
tion value of a Hamiltonian, and generative tasks whose
goal can be formalized as matching the expectation val-
ues of randomly sampled Pauli strings in the Z basis to
the corresponding values from the training set [8].

In this work, we propose a method to represent an ob-
servable as an explicit function of the circuit parameters
in symbolic form, independent of any particular param-
eter assignment.

This approximate representation can be used to pre-
train PQCs for the tasks described above, and subse-
quently fine-tuned via on-chip training or alternative op-
timization techniques.

In general, computing the exact functional representa-
tion of an observable is computationally challenging, as
the number of terms grows (in the worst case scenario)
exponentially with the number of parameters. To address
this, we introduce two truncation schemes: a cutoff on
the Pauli weight, which is particularly effective for locally
scrambling ansätze [6], and a cutoff on the frequency, de-
fined as the number of sine and cosine terms multiplied
together in each product. These cutoffs enable an effi-
cient approximation of the observable while keeping the
computational complexity under control.

The paper is organized as follows. In Section II, we in-
troduce the framework for the propagation of observables
in quantum circuits. We begin in Section II A by describ-
ing the mechanism of exact propagation of observables in
the Heisenberg picture.

Section II B examines the explicit representation of cir-
cuits and investigates how they might help in better un-
derstand the barren-plateau problem and in building bet-
ter circuits.

Sections II C, II D, and II E provide the justification for
the truncation schemes, which enable efficient propaga-
tion of observables at qubit numbers beyond classically
simulable regimes.

Our results are presented in Section III, where we ap-
ply the method within the framework of the VQE in Sec-
tion III A, using the Axial Next-Nearest Neighbor Ising
(ANNNI) model [9] as a test case. We justify the use
of locally scrambling circuits for local spin models and
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Introduction Abstract

Pauli propagation is a well-known classical technique, based on the Heisenberg
picture, for computing the expectation value of an observable associated with a given
quantum circuit [1].

The exact method is known to fail for circuits of even modest size. In “Classically
Estimating Observables of Noiseless Quantum Circuits” by Angrisani et al. [2], the
approach is extended to larger circuits by restricting to a specific subclass of circuits
and introducing a cutoff in the propagation.
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Introduction Abstract

Access to the explicit function of the observable allows
for a single propagation needed, and gradient descent
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We present a classical algorithm based on Pauli propagation for estimating expectation
values of arbitrary observables on random unstructured quantum circuits across all circuit
architectures and depths, including those with all-to-all connectivity. We prove that for
any architecture where each circuit layer is randomly sampled from a distribution invariant
under single-qubit rotations, our algorithm achieves a small error ε on all circuits except
for a small fraction δ. The computational time is polynomial in qubit count and circuit
depth for any small constant ε, δ, and quasi-polynomial for inverse-polynomially small ε, δ.
Our results show that estimating observables of quantum circuits exhibiting chaotic and
locally scrambling behavior is classically tractable across all geometries. We further conduct
numerical experiments beyond our average-case assumptions, demonstrating the potential
utility of Pauli propagation methods for simulating real-time dynamics and finding low-
energy states of physical Hamiltonians.

Introduction. Simulating all quantum circuits with
classical algorithms is believed to be computationally
hard. Yet, specialized classical simulation methods exist
that can exploit the properties of certain restricted kinds
of quantum systems. These include tensor networks
which are tailored towards simulating low-entangled
systems [1–8], Clifford perturbation methods for low-
magic systems [9–13], more general group-theoretic ap-
proaches for symmetrised systems [14–18], specialized ap-
proaches for constant-depth circuits [19–21], data-driven
machine-learning-based methods [22–25], and heuristic
approaches such as neural network states [26, 27]. Un-
derstanding the regimes in which such classical algo-
rithms are effective is crucial in the hunt for applications
where we can achieve a quantum computational advan-
tage. This is particularly important in the near term
where it is not yet possible to run complex quantum al-
gorithms that achieve a provable quantum speed-up.

In this work, we prove that for a large class of quantum
circuits, it is possible to classically compute the associ-
ated expectation values to within a small additive er-
ror. In particular, we show that it is possible to estimate
observables on randomly sampled quantum circuits in
any circuit architecture, where each circuit layer is in-
dependently drawn from a distribution invariant under
single-qubit rotations. Such ensembles of circuit layers
are known as locally scrambling. This property is satisfied

∗ armando.angrisani@epfl.ch
† alexsc@mit.edu
‡ manuel.rudolph@epfl.ch

Figure 1: Schematic depiction of Pauli propagation equipped
with weight truncation. Pauli operators generally split into a
weighted sum of several Pauli operators when acted upon by
non-Clifford operations and to higher weight. We sketch the
truncation of Pauli operators above a threshold of k = 2.

by a wide range of deep and shallow unstructured param-
eterised quantum circuits of different topologies currently
used by variational quantum algorithms (VQAs) [28, 29].
The property may also be approximately satisfied by the
dynamics of certain chaotic systems [30–33].

To demonstrate the simulability of such circuits, we
employ a low-weight Pauli propagation algorithm [34–
37], which approximates the unitary evolution of the ob-
servable in the Heisenberg picture via a truncated Pauli
path integral as sketched in Fig. 1. Although Pauli-path-
based classical simulation techniques have gained atten-
tion in recent years [38, 39], their performance was only
rigorously proven in the presence of noise [35, 37, 40–43]
and on near-Clifford circuits [13]. Intuitively, high-weight
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truncation of Pauli operators above a threshold of k = 2.

by a wide range of deep and shallow unstructured param-
eterised quantum circuits of different topologies currently
used by variational quantum algorithms (VQAs) [28, 29].
The property may also be approximately satisfied by the
dynamics of certain chaotic systems [30–33].

To demonstrate the simulability of such circuits, we
employ a low-weight Pauli propagation algorithm [34–
37], which approximates the unitary evolution of the ob-
servable in the Heisenberg picture via a truncated Pauli
path integral as sketched in Fig. 1. Although Pauli-path-
based classical simulation techniques have gained atten-
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Introduction Use cases
Potential applications: algorithms which output is a single wavefunction collapse
(measurement), but the loss function can be formalized through expectation values:
Training on classical resources → Deployment on quantum resources

(Pauli Propagation)

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

θ⃗i → θ⃗i+1

Loss function:
L(θ⃗) =

∑
i⟨Oi⟩

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

· · ·
· · ·... ... ... ...
· · ·

Output: 1 2 3
Applications:Variational Quantum Eigensolver [3], Compression (Autoencoder) [4],

Generation [5, 6]
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...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

|0⟩ |ψ(θ)⟩

⟨O⟩⟨O′(θ)⟩

Evolution Pictures

Schr̈oedinger & Heisenberg Pic-
tures



Propagation Schrödinger Picture
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Schrödinger Picture:
Propagate the Wavefunction through the circuit
according to the rule:

|ψ⟩′ = U |ψ⟩

≡
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1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 H ≡ 1√
2

(
+1 −1
−1 +1

)

Example: ⟨Z(0)⟩ = ⟨ψ|Z I |ψ⟩ = 0
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Propagation Heisenberg Picture

|0⟩ H

|0⟩
Z(0)

Z(0)I(1)

|0⟩ H

|0⟩

Z(0)I(1) = CNOT †Z(0)I(1)CNOT

|0⟩ H

|0⟩

X(0)I(1) = H†Z(0)I(1)H

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0→ ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)

Q saverio.monaco@desy.de 9 / 37

mailto:saverio.monaco@desy.de


Propagation Heisenberg Picture

|0⟩ H

|0⟩
Z(0)

Z(0)I(1)

|0⟩ H

|0⟩

Z(0)I(1) = CNOT †Z(0)I(1)CNOT

|0⟩ H

|0⟩

X(0)I(1) = H†Z(0)I(1)H

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0→ ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)

Q saverio.monaco@desy.de 9 / 37

mailto:saverio.monaco@desy.de


Propagation Heisenberg Picture

|0⟩ H

|0⟩
Z(0)

Z(0)I(1)

|0⟩ H

|0⟩

Z(0)I(1) = CNOT †Z(0)I(1)CNOT

|0⟩ H

|0⟩

X(0)I(1) = H†Z(0)I(1)H

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0→ ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)

Q saverio.monaco@desy.de 9 / 37

mailto:saverio.monaco@desy.de


Propagation Heisenberg Picture

|0⟩ H

|0⟩
Z(0)

Z(0)I(1)

|0⟩ H

|0⟩

Z(0)I(1) = CNOT †Z(0)I(1)CNOT

|0⟩ H

|0⟩

X(0)I(1) = H†Z(0)I(1)H

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0→ ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)

Q saverio.monaco@desy.de 9 / 37

mailto:saverio.monaco@desy.de


Propagation Heisenberg Picture

|0⟩ H

|0⟩
Z(0)

Z(0)I(1)

|0⟩ H

|0⟩

Z(0)I(1) = CNOT †Z(0)I(1)CNOT

|0⟩ H

|0⟩

X(0)I(1) = H†Z(0)I(1)H

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0

|0⟩ H

|0⟩

⟨00|X(0)I(1)|00⟩ = 0→ ⟨00|U †Z(0)U |00⟩ = 0

Heisenberg Picture:
Evolve the operator "backwards" through the cir-
cuit according to the rule:

V ′ = U †V U

(Similarity transformation)

Q saverio.monaco@desy.de 9 / 37

mailto:saverio.monaco@desy.de


Definitions Pauli Word

A Pauli word is a product of Pauli operators applied to different qubits.
Pauli Operators:

• Pauli-X (X): Bit-flip operator.
• Pauli-Y (Y): Bit-flip and phase-flip operator.
• Pauli-Z (Z): Phase-flip operator.
• Identity (I): (Can be omitted)

Examples:
• X(0)I(1)I(2)→ Apply Pauli-X to the first qubit and identity (I) to the second and
third qubits.

• Z(0)X(1)Y (2)→ Apply Pauli-Z to the first qubit, Pauli-X to the second qubit, and
Pauli-Y to the third qubit.
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Definitions Pauli Weight

The weight refers to the number of qubits on which the Pauli word has a non-identity
component.
It measures how many qubits are actively involved in the Pauli word.
Examples:

• X(0)I(1)I(2) (Weight 1)
• Z(0)X(1)Y (2) (Weight 3)
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⟨Z0(x⃗, θ⃗)⟩ = sin(θ0) sin(θ8) sin(θ9) sin(x2) cos(θ10) cos(x0)− sin(θ0) sin(θ9) cos(θ10) cos(θ2) cos(θ8) cos(x0) cos(x2)− sin(θ10) sin(x0)−
sin(θ8) sin(x2) cos(θ0) cos(θ10) cos(θ9) cos(x0) + cos(θ0) cos(θ10) cos(θ2) cos(θ8) cos(θ9) cos(x0) cos(x2)

⟨Z1(x⃗, θ⃗)⟩ = sin(θ11) sin(θ1) sin(θ8) sin(x2) cos(θ12) cos(x1)− sin(θ11) sin(θ1) cos(θ12) cos(θ2) cos(θ8) cos(x1) cos(x2)− sin(θ12) sin(x1)−
sin(θ8) sin(x2) cos(θ11) cos(θ12) cos(θ1) cos(x1) + cos(θ11) cos(θ12) cos(θ1) cos(θ2) cos(θ8) cos(x1) cos(x2)

⟨Z2(x⃗, θ⃗)⟩ =− sin(θ13) sin(θ2) sin(x0) sin(x1) sin(x3) sin(x4) sin(x6) cos(θ14) cos(x2)− sin(θ14) sin(θ8) sin(x0) sin(x1) sin(x3) sin(x4) sin(x6) cos(θ2) cos(x2)−
sin(θ14) sin(x0) sin(x1) sin(x2) sin(x3) sin(x4) sin(x6) cos(θ8)− sin(θ8) sin(x2) cos(θ13) cos(θ14) + cos(θ13) cos(θ14) cos(θ2) cos(θ8) cos(x2)

⟨Z3(x⃗, θ⃗)⟩ = sin(θ15) sin(θ3) sin(θ8) sin(x2) cos(θ16) cos(x3)− sin(θ15) sin(θ3) cos(θ16) cos(θ2) cos(θ8) cos(x2) cos(x3)− sin(θ16) sin(x3)−
sin(θ8) sin(x2) cos(θ15) cos(θ16) cos(θ3) cos(x3) + cos(θ15) cos(θ16) cos(θ2) cos(θ3) cos(θ8) cos(x2) cos(x3)

⟨Z4(x⃗, θ⃗)⟩ = sin(θ17) sin(θ4) sin(θ8) sin(x2) cos(θ18) cos(x4)− sin(θ17) sin(θ4) cos(θ18) cos(θ2) cos(θ8) cos(x2) cos(x4)− sin(θ18) sin(x4)−
sin(θ8) sin(x2) cos(θ17) cos(θ18) cos(θ4) cos(x4) + cos(θ17) cos(θ18) cos(θ2) cos(θ4) cos(θ8) cos(x2) cos(x4)

⟨Z5(x⃗, θ⃗)⟩ = sin(θ19) sin(θ5) sin(θ8) sin(x2) cos(θ20) cos(θ6) cos(x5) cos(x6)− sin(θ19) sin(θ5) cos(θ20) cos(θ2) cos(θ6) cos(θ8) cos(x2) cos(x5) cos(x6)−
sin(θ20) sin(x5)− sin(θ8) sin(x2) cos(θ19) cos(θ20) cos(θ5) cos(θ6) cos(x5) cos(x6) + cos(θ19) cos(θ20) cos(θ2) cos(θ5) cos(θ6) cos(θ8) cos(x2) cos(x5) cos(x6)

⟨Z6(x⃗, θ⃗)⟩ = sin(θ21) sin(θ6) sin(θ8) sin(x2) sin(x5) sin(x7) cos(θ22) cos(x6)− sin(θ21) sin(θ6) sin(x5) sin(x7) cos(θ22) cos(θ2) cos(θ8) cos(x2) cos(x6)−
sin(θ22) sin(x5) sin(x6) sin(x7)− sin(θ8) sin(x2) cos(θ21) cos(θ22) cos(θ6) cos(x6) + cos(θ21) cos(θ22) cos(θ2) cos(θ6) cos(θ8) cos(x2) cos(x6)

⟨Z7(x⃗, θ⃗)⟩ = sin(θ23) sin(θ7) sin(θ8) sin(x2) cos(θ24) cos(θ6) cos(x6) cos(x7)− sin(θ23) sin(θ7) cos(θ24) cos(θ2) cos(θ6) cos(θ8) cos(x2) cos(x6) cos(x7)−
sin(θ24) sin(x7)− sin(θ8) sin(x2) cos(θ23) cos(θ24) cos(θ6) cos(θ7) cos(x6) cos(x7) + cos(θ23) cos(θ24) cos(θ2) cos(θ6) cos(θ7) cos(θ8) cos(x2) cos(x6) ∗ cos(x7)

|0⟩ RY (θ0) RX(θ4) RY (θ8)
|0⟩ RY (θ1) RX(θ5) RY (θ9)
|0⟩ RY (θ2) RX(θ6) RY (θ10)
|0⟩ RY (θ3) RX(θ7) RY (θ11)

Propagation of Observables

Evolving Observables through a
Parametrized Quantum Circuit



Propagation Paper example

|0⟩ RY (θ0) RX(θ4) RY (θ8)

|0⟩ RY (θ1) RX(θ5) RY (θ9)

|0⟩ RY (θ2) RX(θ6) RY (θ10)

|0⟩ RY (θ3) RX(θ7) RY (θ11)

Z0

Figure: Four-qubit local entangler ansatz

Y ⊗ I −→ Y ⊗ X
Z ⊗ I −→ Z ⊗ I
I ⊗ X −→ I ⊗ X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z

X ⊗ X −→ X ⊗ I
Z ⊗ Z −→ I ⊗ Z

RX(θ)

I −→ I
X −→ X
Y −→ + cos θY

− sin θZ
Z −→ + cos θZ

+ sin θY

RY (θ)

I −→ I
X −→ + cos θX

+ sin θZ
Y −→ Y
Z −→ + cos θZ

− sin θX
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Figure: Four-qubit local entangler ansatz

• Layer 5: At this stage, the observable Z0 is onlyaffected by the gate RY (θ8)j. This evolves as:
Z0 → cos θ8Z0 − sin θ8X0

Y ⊗ I −→ Y ⊗ X
Z ⊗ I −→ Z ⊗ I
I ⊗ X −→ I ⊗ X
I ⊗ Y −→ Z ⊗ Y
I ⊗ Z −→ Z ⊗ Z

X ⊗ X −→ X ⊗ I
Z ⊗ Z −→ I ⊗ Z

RX(θ)

I −→ I
X −→ X
Y −→ + cos θY

− sin θZ
Z −→ + cos θZ

+ sin θY

RY (θ)
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X −→ + cos θX

+ sin θZ
Y −→ Y
Z −→ + cos θZ

− sin θX
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• Layer 4: Both terms of the observable commute
with CNOT(1, 2), hence no transformation occurs:

cos θ8Z0 − sin θ8X0 → cos θ8Z0 − sin θ8X0
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• Layer 3: Here only the gate RX(θ4)0 affects thepropagated observable:
cos θ8Z0 − sin θ8X0 → + cos θ8 cos θ4Z0

+ cos θ8 sin θ4Y0

− sin θ8X0
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• Layer 2: The CNOT(0, 1) gate acts on all
observables involving the first two qubits:

+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0 − sin θ8X0

↓
+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

− sin θ8X0X1

Y ⊗ I −→ Y ⊗ X
Z ⊗ I −→ Z ⊗ I
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I ⊗ Y −→ Z ⊗ Y
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• Layer 1: In this final layer, both RY (θ0)0 and
RY (θ1)1 contribute to the evolution.
— Action of RY (θ1)1:

+ cos θ8 cos θ4Z0 + cos θ8 sin θ4Y0X1

− sin θ8X0X1

↓
+ cos θ8 cos θ4Z0

+ cos θ8 sin θ4 cos θ1Y0X1 − cos θ8 sin θ4 sin θ1Y0Z1

− sin θ8 cos θ1X0X1 + sin θ8 sin θ1X0Z1
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Figure: Four-qubit local entangler ansatz

Propagated observable:

Z0 → + cos θ8 cos θ4 cos θ0Z0 − cos θ8 cos θ4 sin θ0X0

+ cos θ8 sin θ4 cos θ1Y0X1 − cos θ8 sin θ4 sin θ1Y0Z1

− sin θ8 cos θ1 cos θ0X0X1 − sin θ8 cos θ1 sin θ0Z0X1

+ sin θ8 sin θ1 cos θ0X0Z1 − sin θ8 sin θ1 sin θ0Z0Z1

When computing the expectation value, each propagated observable is sandwiched
between ⊗N⟨0| and |0⟩⊗N . Only Pauli strings composed solely of Z or I operators
survive this projection, leading to:

⟨0|U †Z0U |0⟩(θ⃗) = − sin θ8 sin θ1 sin θ0 + cos θ8 cos θ4 cos θ0
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Propagation Effects of propagation
Non-Clifford Gates:

RX(θ) ≡

 cos
(

θ
2

)
−i sin

(
θ
2

)
−i sin

(
θ
2

)
cos
(

θ
2

)


RY (θ) ≡

+ cos( θ
2) − sin( θ

2)

− sin( θ
2) + cos( θ

2)



RZ(θ) ≡

e−iθ/2 0

0 e+iθ/2


Propagation causes branchings
and frequency increase.

Effects:
• Branching:

• RY (θ)†X(1)RY (θ)
= cos(θ)X(1) + sin(θ)Z(1).

Branching causes non-commuting words
to double.

• Frequency increase::
• RY (θ2)†(cos(θ1)X(1))RY (θ2)

= cos(θ2) cos(θ1)X(1)
+ sin(θ2) cos(θ1)Z(1).

Frequency defined as the number of
trigonometric functions of the parameters
multiplied together
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Propagation Effects of propagation

Clifford Gates:

H ≡ 1√
2

(
+1 −1
−1 +1

)

≡


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


CliffordGates donot cause branch-
ings or frequency increase.

Effects:
• Weight increase:

• CX†I(1)Z(2)CX = Z(1)Z(2).
Multi-qubit gates can increase the weight
of the Pauli word.

• Ideal propagation::
• H†X(1)H = Z(1).

Ideal propagation does not increase the
weight of the Pauli word, it does not cause
branching or frequency increase.
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Exact propagation Small circuit example

... ... ...

|0⟩ RY RX RY

|0⟩ RY RX RY

|0⟩ RY RX RY...
|0⟩ RY RX RY

|0⟩ RY RX RY

Z0

Figure: Local entangler Ansatz

Small circuit to perform exact
propagation of observable Z0.
number of qubits: 12 (rows).
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Exact propagation Small circuit example
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Example: sin θ8 sin θ1 cos θ0︸ ︷︷ ︸
Frequency (3)

X0Z1︸ ︷︷ ︸
Weight (2)

• Deeper circuits lead to more
branching, doubling the number of
Pauli words.

• Most Pauli words do not contribute to
the expectation value of the
observable and are discarded during
the trimming process (gray).

• Branching causes a large number of
Pauli words to be tracked, making
cutoffs necessary.
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Cutoffs: Weight cutoff MSE Theorem
From Angrisani et al.:
Supposing U is the unitary of a locally scrambling Ansatz, for k ≥ 0, we have

EU

(
∆f (k)

U (O)
)
≤
(2

3

)k+1
||O||2,

where ||O||Pauli,2 := (2−nTr[O†O])1/2 is the normalized Hilbert-Schmidt norm.
EU

(
∆f (k)

U (O)
)

:= EU

[(
fU (O)− f (k)

U (O)
)2
]

where:
• fU (O) is the excact expectation value of the observable O under the unitary U .
• f (k)

U (O) is the expectation value of the observable O truncated with max weight k.
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Cutoffs: Frequency cutoff MSE Theorem
Idea: For random parameters, high frequency words contribute less because the
product of sin and cos will be close to 0.

• sin θ1 cos θ0 (high average contribution)
• sin θ5 cos θ4 sin θ3 cos θ2 sin θ1 cos θ0 (low average contribution)

For ν ≥ 0, we have
Ep∼U

(
∆f (ν)

p⃗ (O)
)
∼ 1

2ν
; Ep∼U

(
∆f (ν)

p⃗ (O)
)

:= Ep∼U

[(
fp⃗(O)− f (ν)

p⃗ (O)
)2
]

where:
• fp⃗(O) is the excact expectation value of the observable O with parameters p⃗
drawn uniformly.

• f (ν)
p⃗ (O) is the expectation value of the observable O truncated with max
frequency ν.
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Cutoffs Placeholder
Cutoffs produce an approximate expectation value of the observable, and training on
this approximation may still yield valuable results, though not fully optimal

L(⟨O′
cutlow(θ)⟩) L(⟨O′

cutmed.
(θ)⟩) L(⟨O′

cuthigh(θ)⟩)

Approximate Exact
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DOIDOI 10.5281/zenodo.1798902310.5281/zenodo.17989023

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0)
    qml.RX(params[1], wires=1)

    qml.RY(params[2], wires=0)
    qml.RY(params[3], wires=1)

    qml.Hadamard(wires = 2)

    qml.Barrier()

    qml.CNOT(wires = [0, 1])
    qml.CNOT(wires = [1, 2])

    qml.Barrier()

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv

Code Showcase

Examples from the Github code

� https://github.com/desyqml/

Pauli-Propagator

https://github.com/desyqml/Pauli-Propagator
https://github.com/desyqml/Pauli-Propagator


Tutorial Importing

1: Import necessary libraries

DOIDOI 10.5281/zenodo.1798902310.5281/zenodo.17989023

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0)
    qml.RX(params[1], wires=1)

    qml.RY(params[2], wires=0)
    qml.RY(params[3], wires=1)

    qml.Hadamard(wires = 2)

    qml.Barrier()

    qml.CNOT(wires = [0, 1])
    qml.CNOT(wires = [1, 2])

    qml.Barrier()

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv
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Tutorial Circuit definition
2: Define the circuit as a Pennylane function of the parameters, put the
observables to propagate as return values

DOI

Convert the expectation values of a circuit’s observables into explicit functions of the
circuit’s parameters.

First import all the necessary libraries:

Define the circuit as a function of the parameters

Define the propagator

Pauli Propagation of Parametrized Circuits

Overview

Usage

import pennylane as qml # To define the circuit
from pprop.propagator import Propagator # For Pauli Propagation

# Function of parameters
def ansatz(params : list[float]):
    qml.RX(params[0], wires=0); qml.RX(params[1], wires=1)
    qml.RY(params[2], wires=0); qml.RY(params[3], wires=1)
    qml.Hadamard(wires = 2)

    qml.CNOT(wires = [0, 1]); qml.CNOT(wires = [1, 2])

    qml.RY(params[4], wires=0)
    qml.RY(params[5], wires=1)
    qml.RY(params[6], wires=2)
    
    return [qml.expval(qml.PauliZ(qubit)) for qubit in range(1)] + [qml.expv

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
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Tutorial Propagator Class

3: Initialize Propagator class

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .
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Tutorial Propagator Class

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .
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Tutorial Propagate

4: PropagatePropagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .
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Tutorial Propagate
Once propagated, we have access to the functional forms of the observables

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .

5: Which can be evaluated through

Propagate the observables:

Get the output expectation values through .eval(params)

You can inspect the explicit functions using .expression()

𝑍0 = − 𝑠𝑖𝑛(𝜃2 ) ∗ 𝑠𝑖𝑛(𝜃3 ) ∗ 𝑠𝑖𝑛(𝜃4 ) ∗ 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃1 ) + 𝑐𝑜𝑠(𝜃0 ) ∗ 𝑐𝑜𝑠(𝜃2 ) ∗ 𝑐𝑜𝑠(𝜃4 )

...

To install the necessary dependencies, run the following command:

prop = Propagator(
    ansatz, 
    k1 = None, # Cutoff on the Pauli Weight
    k2 = None, # Cutoff on the frequencies
)

>>> prop
Propagator
  Number of qubits : 3
  Trainable parameters : 7
  Cutoff 1: None | Cutoff 2: None
  Observables [Z(0), X(0) @ X(1) @ X(2), Y(2), -1.0 * (X(0) @ X(1) @ X(2)) +
0: ──RX──RY──||─╭●─────||──RY─┤  <Z> ╭<X@X@X>      ╭<𝓗>
1: ──RX──RY──||─╰X─╭●──||──RY─┤      ├<X@X@X>      ├<𝓗>
2: ──H───────||────╰X──||──RY─┤      ╰<X@X@X>  <Y> ╰<𝓗>

prop.propagate()
Propagating -1.0 * (X(0) @ X(1) @ X(2)) + 13.0 * Z(2): 100%|██████████| 4/4 

random_params = qml.numpy.arange(prop.num_params)
prop_output = prop.eval(random_params)
[ 0.32448207 -0.5280619   0.          4.16046337]

prop.expression()

Installation

pip install -e .
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...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

|ψ(θ⃗)⟩ = U(θ⃗)|0⟩⊗N

Minimize
E(θ⃗) = ⟨ψ(θ⃗)|Ĥ|ψ(θ⃗)⟩

θ⃗i → θ⃗i+1

Applications

Example application of Symbolic
Propagation: Variational Quan-
tum Eigensolver



Application: VQE Finding the ground state of a spin model

Goal: Get the ground-state of an HamiltonianH .
Key idea:

• Prepare a parameterized quantum state |ψ(θ)⟩ with a variational circuit.
• Measure the expectation value

E(θ) = ⟨ψ(θ)|H|ψ(θ)⟩

• Use a classical optimizer to
adjust θ and minimize E(θ).

...

|0⟩

U(θ⃗)
|0⟩...
|0⟩

|ψ(θ⃗)⟩ = U(θ⃗)|0⟩⊗N

Minimize
E(θ⃗) = ⟨ψ(θ⃗)|Ĥ|ψ(θ⃗)⟩

θ⃗i → θ⃗i+1
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Application: VQE Finding the ground state of a spin model
Hamiltonian:

H(κ, h) = −J
N∑

i=1

(
X(i)X(i+ 1)− κX(i)X(i+ 2) + hZ(i)

)
,

Phase diagram:

0.0 0.2 0.4 0.6 0.8 1.0
k

0.00

0.25
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0.75

1.00

1.25

1.50

1.75
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h

Phase-Space
Transition Lines

Spin system:

h

κ

1

Number of spins: N = 18
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Application: VQE Finding the ground state of a spin model

1. Split the Hamiltonian:

H(κ, h) = −J
N∑

i=1

(
X(i)X(i+ 1)− κX(i)X(i+ 2) + hZ(i)

)
,

H(κ, h) = −J
N∑

i=1

(
X(i)X(i+ 1)

)
︸ ︷︷ ︸

O1

+Jκ
N∑

i=1

(
X(i)X(i+ 2)

)
︸ ︷︷ ︸

O2

−Jh
N∑

i=1

(
Z(i)

)
︸ ︷︷ ︸

O3

.,
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Application: VQE Finding the ground state of a spin model

H(κ, h) = −J
N∑

i=1

(
X(i)X(i+ 1)

)
︸ ︷︷ ︸

O1

+Jκ
N∑

i=1

(
X(i)X(i+ 2)

)
︸ ︷︷ ︸

O2

−Jh
N∑

i=1

(
Z(i)

)
︸ ︷︷ ︸

O3

.,

2. Propagate the Observables O1, O2, O3→ O′
1, O

′
2, O

′
3:

3. Expectation value of the Hamiltonian is given by:
⟨0|U †(θ⃗)|H(κ, h)|U(θ⃗)|0⟩ = −J⟨O′

1(θ⃗)⟩+ Jκ⟨O′
2(θ⃗)⟩ − Jh⟨O′

3(θ⃗)⟩.

4. Minimize through gradient descent for the desired (κ, h)
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Application: VQE Finding the ground state of a spin model
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X(i)X(i+ 2)

)
︸ ︷︷ ︸

O2

−Jh
N∑

i=1

(
Z(i)

)
︸ ︷︷ ︸

O3

.,

2. Propagate the Observables O1, O2, O3→ O′
1, O

′
2, O

′
3:

3. Expectation value of the Hamiltonian is given by:
⟨0|U †(θ⃗)|H(κ, h)|U(θ⃗)|0⟩ = −J⟨O′

1(θ⃗)⟩+ Jκ⟨O′
2(θ⃗)⟩ − Jh⟨O′

3(θ⃗)⟩.

4. Minimize through gradient descent for the desired (κ, h)
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Application: VQE Finding the ground state of a spin model
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-32.00
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-16.00

-8.00

|H
|

Figure: Energies of the 18-spin ANNNI model at various values of κ and h, obtained using exactdiagonalization (left) and by minimizing the function of the propagated Hamiltonian viagradient descent (right).
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Application: VQE Finding the ground state of a spin model
Question: How do the two cutoffs affect the final training performance?

• Higher cutoffs→ improved training performance, although they require more
computational resources for Pauli propagation.

• The performance, however, saturates already at relatively low cutoff values;
higher-order terms do not significantly improve the training.

0 20 40 60 80 100
Iterations

-15

-10

-5

En
er

gy wcut. = 1
wcut. = 2
wcut. = 4
wcut. = 8
Exact

Figure: VQE training with fixed νcut = 20 andvarying wcut ∈ {1, 2, 4, 8}.
0 20 40 60 80 100
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-15
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-5En
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cut. = 15
cut. = 20

Exact

Figure: VQE training with fixed wcut = 8 andvarying νcut ∈ {5, 10, 15, 20}.
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Application: Larger VQE 2D Ising Model
2D Square lattice (8x8) with nearest neighbour interactions

Number of qubits: 64
Hamiltonian:

H(J, h) = 1
N

(
− J

∑
⟨i,j⟩

Z(i)Z(j)− h
∑

i

X(i)
)
h J

J
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Application: Larger VQE 2D Ising Model
Warm start procedure:
1. Define circuit
2. Propagate Hamiltonian through the circuit
3. Assign spin system’s parameters (J = h = 1)
4. Minimize ⟨H ′(J = 1, h = 1, θ⃗)⟩

and obtain optimal parameters
5. Deploy on quantum h J

J
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Application: Larger VQE 2D Ising Model

← Actual ground state energy

, i guess

random params optimized params

-1.5

-1.0

-0.5

0.0|H
|

Info:
• Deployed on ibm_fez
• Ansatz: see backup
• Number of shots: 2048
• Random parameters:

— 30 runs— p ∼ N (0, 1)
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Simulating noisy circuits Backup slides

From “Simulating quantum circuits with arbitrary local noise using Pauli Propagation” [7]
Model of the noise:
Circuits represented as a sequence of layers

C = CLCL−1 · · ·C1

where each layer Cj consists of a unitary Uj followed by a local (single-qubit) noisechannelN⊗n.
(This includes depolarizing-like noise, dephasing-like noise, amplitude damping.)
Computational and accuracy guarantees:
Polynomial complexity with error bounds that are inversely polynomially small.



Locally-scrambling circuits Backup slides

For the truncation on the Pauli weight, we require an L-layered circuit to be of the
form [2]

U = ULUL−1 · · ·U1

where each layer Uj is
• sampled independently from a locally scrambling distribution1

That is, independent layers where the distribution of gates ensures that any
local bias or structure is erased by random rotation.

• reasonably shallow.

1The condition on local scrambling might be relaxed without significantly compromising accuracy.



Application: Larger VQE Ansatz

Ansatz: 2D brickwork with alternating entanglers

|0⟩ |0⟩ |0⟩ |0⟩

|0⟩ |0⟩ |0⟩ |0⟩

|0⟩ |0⟩ |0⟩ |0⟩

|0⟩ |0⟩ |0⟩ |0⟩

• RX on all qubits (different params.)
• RY on all qubits (different params.)
• Horizontal CNOT (offset 0)
• Horizontal CNOT (offset 1)
• RX on all qubits (different params.)
• Vertical CNOT (offset 0)
• Vertical CNOT (offset 1)
• RX on all qubits (different params.)
• RY on all qubits (different params.)
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